Chapter 15
Economic Monotonicity of Price Index Formulas

Ludwig von Auer!

1. Preliminary Remarks

The strict monotonicity test is probably one of the most widely accepted axioms in
axiomatic index theory. In a paper included in this volume, Kohli (2010) implements the idea of
monotonicity in an economic framework where quantities depend on prices. | show how the
notion of strict monotonicity, as defined in the traditional axiomatic index theory approach, is
somewhat different from Kohli’s notion of economic monotonicity. Specifically, in the
traditional approach, it is assumed that quantities and prices are independently determined.

Kohli convincingly demonstrates that, embedded in an economic framework, both the
Paasche and Fisher index formulas violate monotonicity. Since the Fisher formula is often
advocated as the most appropriate price index and the Paasche formula is widely used for the
GDP implicit price deflator, Kohli’s findings challenge the “general wisdom of index theory.”

The present paper relates Kohli’s approach to traditional axiomatic index theory.
Building on the notion of monotonicity as defined in axiomatic index theory, | show how the
notion of economic monotonicity can be defined in a precise manner.

2. Monotonicity in Axiomatic Index Theory

A price index formula P is a positive function that maps all of the prices and quantities in
the base and comparison periods into a single positive number; i.e.,

P:RI > R.., (Po o P1 1) > P(po, do, P1, 1)
where pr=(py,,..-, pN,t)T and p,, > 0 denotes the unit price of commodity i (i=1,2,...,N) in
period t, g¢= (0, -..,dy,)" and 0, > 0 is the quantity of commodity i in period t, and where t =0
is the base period and t =1 is the comparison period.

The traditional axiomatic approach embodies the assumption that there is no causal
relationship between prices and quantities. What follows are two monotonicity tests — a weak
test and a strict test — set out in the usual context for the axiomatic approach regarding the
independence of changes in prices and quantities.

! Contact information for the author: Universitat Trier, Germany:e-mail: vonauer@uni - trier.de.

Citation: Ludwig von Auer (2010), “Economic Monotonicity of Price Index Formulas,”

chapter 15, pp. 329-332 in

W.E. Diewert, B.M. Balk, D. Fixler, K.J. Fox and A.O. Nakamura (2009),

PRICE AND PRODUCTIVITY MEASUREMENT: Volume 6 -- Index Number Theory. Trafford Press.
Also available as a free e-publication at www.vancouvervolumes.com and www.indexmeasures.com.

© Alice Nakamura, 2010. Permission to link to, or copy or reprint, these materials is granted without restriction,
including for use in commercial textbooks, with due credit to the authors and editors.



Ludwig von Auer

Weak Monotonicity Test (Olt, 1996): Suppose that for all commodities we have
P, = P, and for at least one i the inequality is strict. Then

P(po, do, P1, d1) > P(Po, o, Po, J1)-

Strict Monotonicity Test (Eichhorn and Voeller, 1976): Consider two different
scenarios for the comparison period (t =1 and t =1') and the base period (t =0
and t =0"). Suppose that for all commodities we have p. . = P;;, and suppose that

for at least one i the inequality is strict. Then

1) P(po. o, P1+, A1) > P(Po, Go, P1, dl1).-
Or suppose for all commodities we have Py = Pios and suppose that for at least
one i this inequality is strict. Then

) P(Po*, do, P1, A1) < P(Po, Go, P1, A1)
For the special case where p; = po, inequality (1) simplifies to the weak monotonicity test case.

3. Monotonicity in Economic Approaches to Index Theory

Kohli’s (2010) concept of economic monotonicity relates to the strict monotonicity test.
Moreover, it relates only to postulate (1) of the strict monotonicity test and not to the postulate
expressed by inequality (2). Postulate (1) considers alternative scenarios for the comparison
period. In contrast, postulate (2) considers alternative scenarios for the base period. | recommend
taking a more symmetric approach — that is, also considering postulate (2) as a necessary
condition for monotonicity. | suggest this change as a “friendly” amendment to Kohli’s concept
of economic monotonicity; i.e., | suggest this is a change that is consistent with and would
improve Kohli’s contribution.

There is a second important difference between Kohli’s notion of economic monotonicity
and the strict monotonicity test. In Kohli’s economic framework, quantities are functions of
prices; i.e., we have go = q(po) and g = q(p1). Thus we have q;; = qi(p:) with either

(3a) oq,./op, =0 (i=1.2,...,N;t=0,1),0r
(3b) oq, /op, <0 (i=12,...N;t=0,1).

A formal definition of the economic monotonicity axiom (including the symmetric
treatment of base and comparison period scenarios) can now be given:

Economic Monotonicity Test: Let go = g(po) and q; = g(p1). Consider two
different scenarios for the comparison period (t=1 and t=1") and the base period
(t=0 and t=0"). Suppose that for all commodities we have Py =P and for at

least one i the inequality is strict. Then
(4) P(Po.do. P1x,d1+) > P(Po. G, P1.01) -

Or suppose for all commodities we have p; o~ > p; o and for at least one i the
inequality is strict. Then
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(5) P(Po*,do*,P1,d1) < P(Pp.do.P1.d1) -

In (4), py= differs from p; and simultaneously g« is allowed to differ from q;, whereas in (1)
the quantity vector g is kept fixed. Analogously, in (5) pg= differs from pg and simultaneously
o~ is allowed to differ from qg, whereas in (2) the quantity vector qq is kept fixed. This is the
crucial difference between economic monotonicity and strict monotonicity.

4. Laspeyres and Paasche Index

Kohli (2010) has demonstrated that the Paasche and Fisher index formulas violate
economic monotonicity. Taking the approach stated in (4) and (5), the Laspeyres index formula
also violates economic monotonicity. In order to see why the Laspeyres formula violates
economic monotonicity too, it is useful to reformulate this index as the weighted arithmetic mean
of price ratios, where the weights are “expenditure shares” for the base period:

Zi Piadio Pi,od%i0 Pi1

Zipi,oqLo - i ij,oqj',o Pi,0
j

(6) Plo =

Formula (6) violates inequality (5) of economic monotonicity. Suppose, fgr example, that
the price of only one good i differs between base period t=0 and base period t=0 . Inequality (5)

postulates that if p; o < pj o, then for the Laspeyres index we must have Pll,'o > Pll,'o*’ which will

not necessarily be true. Suppose, for example, that the case defined by relationship (3a) applies —
that is, quantities are non-negatively related to prices — then p; g < p; o= implies that g; g < g; g« .

As a consequence, the weight pi,OQi,O/szj,Oqj,O may be much smaller than
pi,o*Qi,o*/ijj,o*qj,O*- In formula (6), the (larger) price increase (pj1/pjo) will receive a

smaller weight than the (smaller) price increase (pj1/p;j o). In extreme cases, the changes in the

weights will overcompensate the impact of the respective price changes, resulting in a violation
of economic monotonicity.

The same line of reasoning can be applied to the Paasche index. This index formula can
be reformulated as the weighted harmonic mean of price ratios, where the weights are
“expenditure shares” of the comparison period:

-1

(7)

-1
PP, = 2.iPiadia _ Pi1di1 (pi,lJ
TPt |4 2Pl Pio
i

This formula violates inequality (4) of economic monotonicity. To see this, suppose, for example,
that the price of only one good i differs between comparison period t = 1 and base periodt=1.

Inequality (4) postulates that for p;; <p;j», the Paasche index must produce Pfo < Plio. If
quantity changes are non-negatively related to price changes, then p; 1 < pj 1« <pj o implies that
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di1<dj1~. As a consequence, the weight Pi,qul/szj,qul could be much smaller than
pi,l*qi,l*/szj,l*qj,l*' In formula (7), the (larger) price decline (p;j/pjo) will receive a

smaller weight than the (smaller) price decline (p;j1=/pj o). In extreme cases, the difference in
the weights will overcompensate the difference in the respective price changes, leading to
Pl > P

1,0 > F1*x0-

Above, in demonstrating that the Laspeyres and the Paasche index violate the economic
monotonicity test, it was assumed that quantities are positively related to prices. However, the
case described by relationship (3b), where quantities are negatively related to prices, is standard
in the context of the economic theory of consumer demand. In this case, the Laspeyres index still
violates (5) and the Paasche index still violates (4).

5. Concluding Remarks

A primary concern of axiomatic index theory is the construction of tests that can provide
insight into the properties of index formulas. Many price index formulas in common use violate
some of the proposed axioms of index theory. Knowing which axioms are, and are not, satisfied
IS one important criteria for assessing the appropriateness of a formula for specific uses.

Among the axioms that have been proposed, the strict monotonicity test is one of the
most widely accepted. Kohli (2010) has introduced the concept of index monotonicity in an
economic framework. The present paper has shown that the notion of economic monotonicity
can be formalized along the lines of the traditional strict monotonicity test of the axiomatic
approach to index theory.

Kohli has demonstrated that the Paasche and Fisher index formulas violate economic
monotonicity. This paper has shown that the same deficiency applies to the Laspeyres index.

References

Eichhorn, W. and J. Voeller (1976), Theory of the Price Index, Lecture Notes in Economics and Mathematical
Systems, 140, Berlin: Springer.

Kohli, U. (2010), “Inexact Index Numbers and Economic Monotonicity Violations: The GDP Implicit Price
Deflator,” chapter 14 in W.E. Diewert, B.M. Balk, D. Fixler, K.J. Fox and A.O. Nakamura (eds.), Price
and Productivity Measurement, Trafford Press, 301-312.

Olt, B. (1996), Axiom und Struktur in der statistischen Preisindextheorie, Frankfurt: Peter Lang.

332



	Chapter 15
	Economic Monotonicity of Price Index Formulas
	1. Preliminary Remarks 
	2. Monotonicity in Axiomatic Index Theory 
	3. Monotonicity in Economic Approaches to Index Theory 
	References


