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Small Firms

In the US, small firms
• Produce more than 50% of non-farm output 
• Employ 50% of workers
• Pay 45% of total private payroll 

They are important to the macroeconomy.
There is risk but returns can be great.



Debate: Nature vs. Environment

• Do entrepreneurs have different innate 
characteristics?
– More willing to bear risk
– More optimistic

• How important is the business 
environment?
– Bankruptcy & other institutions
– Access to credit (liquidity constraints) 
– Return distribution



Research Agenda

• Examine data from the Survey of Small 
Business Finance (SSBF) 1993, 1998, 
2003

• Construct a model to organize and explain 
the data

• Use HPC to solve the model and conduct 
policy experiments



Goal: Understand Small Firms & 
Policies that Promote Success

• Why do people become entrepreneurs?
• What policies promote or hinder 

entrepreneurship?
• Why do we observe differences in 

entrepreneurship across countries?



Survey Small Business Finance 

• Conducted in 1987, 1993, 1998, 2003
• CS sample of non-farm, non-financial, 

non-real estate small businesses
• Represent about 5 million firms: about 

4000 observations 
• Data on firms & primary owners: age 

gender, industry, firm type, financial info on 
firm & owner
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SSBF Facts

• Small firm returns are risky
• All debt-equity ratios are equally likely
• Owners: 

– invest significant personal net-worth 
– More than 90% work at the firm

• 18-26% firms have negative equity
• Annual default rate is 3.5-4.5%



Real Firm Returns in 1993

moment median mean standard dev. skewness kurtosis

1993 SSBF 1.094 1.30 1.57 13.2 290

95% conf. [1.08, 1.11] [1.22, 1.38] [0.95, 2.13] [2.3, 17.3] [29, 488]

1993 S&P500 1.093 1.21 0.65 13.1 221

95% conf. [1.07, 1.10] [1.16, 1.28] [0.28, 1.02] [3.1, 14.6] [20, 277]
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Net-worth Invested
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Figure 1: pdf of firm return on assets in SSBF 1993 and S&P500 (Compustat) vs. normal pdfs

Figure 1 also shows that neither distribution is normal. It compares the empirical return

on asset density function to a normal density with the same mean and variance; the left

panel is for SSBF data and the right is for S&P500 data. Both empirical densities are

tighter around the median than a normal density because variance is generated by some

firms that do exceptionally well. This, in turn, generates the high kurtosis.6

Fact 2: Owners invest substantial personal net-worth in their firms.

Table 2 reports the percentage of personal net-worth invested by entrepreneurs in their

firm in the 1998 SSBF.7 The median amount of net-worth invested is 21%, but the data

indicate a surprising lack of diversification for some entrepreneurs: 3% invest more than

80% of personal net-worth in their firm, 11% invest more than 60% and 25% invest more

than 40%. This concentration of personal funds in a business is puzzling in view of the risky

returns documented by table 1.

Table 2: Net-Worth Invested, 1998 SSBF

% net-worth invested ≥ 20% ≥ 40% ≥ 60% ≥ 80% mean median

% of entrepreneurs 52% 25% 11% 3% 27% 21%

6In table 1 the 95% confidence bands are computed for each moment using bootstrap sampling, except
for the median where the interquartile range is reported.

7Owner net-worth is listed only in the 1998 SSBF, consisting of personal net-worth plus home equity.
We report percent net-worth invested for firms with positive net-worth outside the firm and firms with
non-negative equity.
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Entrepreneurs with positive equity in their firm:

Negative Equity for Incorporated firms: 
 * 18.4% in 1993
 * 26.3% in 1998
 * 23.4% in 2003
Unincorporated firms: 12.2%, 18.6%, 13.8%



Capital Structure: 93 & 98 Inc
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Figure 2: Equity/Assets for firms with positive equity: 1993 and 1998 SSBF Data

averse agents who discount the future at common rate β, each with a CRRA utility function

over consumption. Preferences are heterogeneous with respect to risk aversion parameter ρ,

with ρ ∼ N(µ, σ2) and

u(c) =
c1−ρ

1 − ρ
.

Agents have a given initial endowment w0 and access to an ex-ante identical technology. If

operated, the constant returns to scale technology produces a random output. For asset

investment A, the firm’s return on assets is given by random variable X, with cumulative

distribution function F (x) and probability density function f(x) which is strictly positive

on support [x, x̄], with x ≤ 0 and x̄ > 0. A negative realization means that a firm’s losses

in a year exceed its current level of assets, and the owner must either use personal funds to

stay solvent or default. Net-worth wt is derived from the return on investment in all periods

t ≥ 1, known at the beginning of the period, and illiquid.11 All agents have access to an

outside investment opportunity with return r.

Entrepreneurs are agents who choose to operate a firm, which means A > 0. Agents who

chooses not to operate firms set A = 0. Entrepreneurs can raise assets to invest in the firm

at time t in two ways:

Equity: Use personal net-worth wt to self-finance at riskless real opportunity cost r.

11For example, equity in a house is illiquid but can be used to invest in a business. We assume that a loan
against this equity is riskless because it is fully collateralized. Although w0 and the risky business technology
are ex-ante identical, net-worth and consumption will evolve stochastically over time.
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Change over time for Unincorp

0 0.2 0.4 0.6 0.8 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

19981993

2003 2003

1998

1993

Incorporated
Unincorporated

Equity/Assets 

Cummulative Probability



Dynamic Model

• Describe an entrepreneur by
– Preferences (heterogeneous)
– Resources
– Production Technology
– Information

• Lender: resources & opportunities



Heterogeneous Entrepreneurs: ρ

realization x

t t+1

A (scale of 
production, 
assets)
ε (% self 
finance)
1-ε (% debt 
finance)

c (consumption)
v (repayment)

Assets: Ax

Debt: Av

Equity: A(x-v)

Net worth outside firm: 
(1+r)(1-c-εA)



The objective of problem 2 is the agent’s expected ex-ante utility. If default occurred, a firm

cannot operate for T periods and the entrepreneur can choose only consumption and saving,

consistent with budget constraint (5). (6) is the non-negativity constraint.

We now use the fact that entrepreneurs have CRRA utility to determine the structure of

the value function. The proof is in Appendix B.

Proposition 1 Suppose that the entrepreneur has constant relative risk aversion. Let vS =

VS(1) and vB,k = VB,k(1). Then VS(w) = w1−ρvS and VB,k(w) = w1−ρvB,k.

Applying Proposition 1 to Problem 2 it is straightforward to compute vB,k (as a function

of vS). Further, Lemma 1 and Lemma 2 in Appendix B prove that the investor’s constraint

binds and bankruptcy set B is a lower interval, with cutoff x∗. Thus, the entrepreneur’s

optimization problem can be rewritten as follows.

Problem 3 vS = maxc,A,ε,v̄ u(c) + βvB

∫ x∗

x

[

(1 + r)
(

1 − εA − c
)]1−ρ

dF (x)

+βvS

∫ x̄

x∗

[

A(x − v̄) + (1 + r)
(

1 − εA − c
)]1−ρ

dF (x)
]

Subject to:

∫ 0

x

x dF (x) +

∫ x∗

0

(1 − δ)x dF (x) +

∫ x̄

x∗

v̄ dF (x) = (1 − ε)(1 + rB) (7)

x∗ = max

{

v̄ −

[

1 −

(

vB

vS

)
1

1−ρ

]

(1 + r)(1 − εA − c)

A
, x

}

(8)

c + εA ≤ 1 (9)

(1 − ε)A ≤ b (10)

c ≥ 0, A ≥ 0, 0 ≤ ε ≤ 1. (11)

The objective is to maximize the utility of current consumption and the expected dis-

counted value of future net-worth in firm bankruptcy and solvency states. Constraint (7)

corresponds to bank individual rationality constraint (1), and binds by Lemma 1 in Ap-

pendix B. Constraint (8) is the optimal default cutoff and follows from (2) by Lemma 2
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HPC Methods

We use HPC methods to solve the model:
• Compute distributions: firm returns, net-worth, 

debt-equity, firm size.
• Choose model parameters that fit the data
• Construct the distribution of risk aversion
• Choose decision rules: c, A, ε, v

Need HPC to compute distributions



Quantitative Analysis
Parameter Value Comment/ Observations

β 0.97 determined from r and rB

T 11 U.S. credit record
δ 0.10 Boyd-Smith (1994)
rB 1.2% real rate, 6 mo T-Bill, 1992-2006
r 4.5% real rate, 30 year mortgage, 1992-2006

f(x) SSBF 1993 (Appendix D)

Remaining parameters: 
• µ and σ: 
‣ N(µ,σ) distribution of risk aversion ρ

• b:
‣ borrowing constraint



Quantitative Analysis
Parameter Value Comment/ Observations

β 0.97 determined from r and rB

T 11 U.S. credit record
δ 0.10 Boyd-Smith (1994)
rB 1.2% real rate, 6 mo T-Bill, 1992-2006
r 4.5% real rate, 30 year mortgage, 1992-2006

f(x) SSBF 1993 (Appendix D)

Remaining parameters: 
• µ: 1.55 
• σ: 0.83
• b: 21.5%

75% of entrepreneurs have risk 
aversion between 1 and 3.



Model Predictions
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Figure 3: Model Predictions and SSBF Data: cdfs

compares the predicted cdf of firm assets to its empirical counterpart. The match between

the two asset cdfs is also good, except the model under predicts a few large firms. This

occurs because model solutions do not exist below ρ = 0.74, and we assign point mass of

µ({ρ ≤ ρ̄}) to ρ. At ρ, the ex-ante level of ε and A are 0.720 and 0.766, respectively, and c is

close to 0. Thus, end of period net-worth outside the firm, (1− εA− cS)(1+ r) is 0.470. The

median return in table 1 is x̄ = 1.094, and the median net-worth invested for risk aversion

level ρ̄ is Ax̄/(1− εA− cS)(1 + r)) = 1.786. In the graph, this is the range where the model

predicted curve moves away from the data. Note that the model predicted asset level of

47.8% is well within the 95% confidence interval of [43.1, 51.9]. Thus, the penalty term in

criterion (17) is not relevant in the neighborhood of the optimal parameters.

The bottom panels of figure 3 compare the model prediction for firm capital structure

to the empirical cdfs for 1993 and 1998. The left panel shows that the model somewhat

over predicts equity/assets. This occurs because no model solutions exist below ρ and (15)
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Model Predictions
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Figure 3: Model Predictions and SSBF Data: cdfs

compares the predicted cdf of firm assets to its empirical counterpart. The match between

the two asset cdfs is also good, except the model under predicts a few large firms. This

occurs because model solutions do not exist below ρ = 0.74, and we assign point mass of

µ({ρ ≤ ρ̄}) to ρ. At ρ, the ex-ante level of ε and A are 0.720 and 0.766, respectively, and c is

close to 0. Thus, end of period net-worth outside the firm, (1− εA− cS)(1+ r) is 0.470. The

median return in table 1 is x̄ = 1.094, and the median net-worth invested for risk aversion

level ρ̄ is Ax̄/(1− εA− cS)(1 + r)) = 1.786. In the graph, this is the range where the model

predicted curve moves away from the data. Note that the model predicted asset level of

47.8% is well within the 95% confidence interval of [43.1, 51.9]. Thus, the penalty term in

criterion (17) is not relevant in the neighborhood of the optimal parameters.

The bottom panels of figure 3 compare the model prediction for firm capital structure

to the empirical cdfs for 1993 and 1998. The left panel shows that the model somewhat

over predicts equity/assets. This occurs because no model solutions exist below ρ and (15)
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Model Predictions

Parameter Interpretation Value Data

median A% median firm assets 48.1 43.1 - 51.9

default % firm default rate 4.4 3.5 - 4.5

cons. % c as % of net worth 3.6 3 - 5

neg. Eq. % neg. equity in firm 10.6 15.7 - 21.0



Policy Experiment: T 
Welfare Effects

10 Appendix A: Experiments

10.1 Experiment 1: Bankruptcy Exclusion Parameter T & Cost δ

Table 8 Benchmark Exogenous Variables: rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10

T 10 11 12 13 14 15 16 20

µ 1.62 1.55 1.49 1.51 1.52 1.52 1.51 1.50
σ 0.90 0.83 0.75 0.74 0.76 0.76 0.76 0.78

b % 20.6 21.5 22.0 19.8 18.4 17.7 17.3 15.4
fit 0.046 0.042 0.037 0.034 0.034 0.034 0.035 0.036

median A % 46.9 48.1 49.2 47.0 45.3 44.3 43.8 41.3
default % 4.7 4.4 4.2 3.8 3.5 3.3 3.1 2.5
cons. % 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.5

neg Eq. % 10.2 10.6 10.8 10.5 10.8 11.1 11.6 11.1

Table 9 Comparative statics for T : Fix rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10
T 6 7 8 9 10 11 12 13 14 15 16 20

fit 0.095 0.085 0.076 0.066 0.053 0.042 0.054 0.065 0.073 0.079 0.084 0.107
med A % 56.2 54.4 52.7 51.1 49.6 48.1 46.7 45.4 44.3 43.3 42.4 38.9
default % 6.1 5.6 5.3 5.0 4.7 4.4 4.2 4.0 3.8 3.6 3.5 2.9
cons. % 3.7 3.7 3.7 3.7 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.6

neg Eq. % 8.4 8.8 9.3 9.7 10.0 10.6 11.1 11.9 13.4 15.1 17.0 21.0

Table 10 Welfare Effect as T Varies: % increase or decrease of net-worth compared to benchmark

risk aversion ρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0

T = 6 36.9 11.2 7.7 6.1 5.0 3.9 3.1 2.6 2.2
T = 7 27.5 8.1 5.6 4.4 3.6 2.8 2.2 1.9 1.6
T = 8 19.8 5.5 3.9 3.0 2.4 1.9 1.5 1.3 1.1
T = 9 13.5 3.2 2.4 1.8 1.5 1.2 0.9 0.7 0.6
T = 10 6.3 1.3 1.1 0.8 0.7 0.5 0.4 0.3 0.3
T = 11 — — — — — — — — —
T = 12 -3.6 -0.7 -0.9 -0.7 -0.5 -0.4 -0.3 -0.3 -0.2
T = 13 -4.4 -3.2 -1.5 -1.3 -1.0 -0.8 -0.6 -0.5 -0.4
T = 14 -7.6 -4.4 -2.1 -1.8 -1.4 -1.0 -0.8 -0.6 -0.5
T = 15 -10.5 -5.5 -3.2 -2.1 -1.7 -1.3 -1.0 -0.8 -0.6
T = 16 -12.7 -6.5 -3.8 -2.4 -2.0 -1.5 -1.1 -0.9 -0.7
T = 20 -20.4 -9.4 -5.7 -4.0 -2.8 -1.8 -1.5 -1.2 -1.0
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Policy Experiments: T 
Change in Loan Interest RateTable 11 Interest Rate as T Varies

risk aversion ρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0

T = 6 18.0 15.3 14.2 14.0 14.3 14.4 14.3 14.1 14.1
T = 7 17.7 14.9 13.7 13.5 13.8 13.8 13.7 13.6 13.5
T = 8 17.3 14.5 13.3 13.0 13.3 13.3 13.2 13.1 13.0
T = 9 17.0 14.1 12.9 12.5 12.8 12.9 12.7 12.6 12.5
T = 10 16.6 13.7 12.4 12.1 12.3 12.4 12.2 12.0 11.9
T = 11 16.3 13.3 12.0 11.6 11.9 11.9 11.6 11.5 11.4
T = 12 16.0 12.9 11.7 11.2 11.4 11.4 11.2 11.0 10.9
T = 13 15.6 12.6 11.3 10.8 11.0 10.9 10.7 10.6 10.4
T = 14 15.3 12.3 10.9 10.5 10.6 10.5 10.3 10.2 10.1
T = 15 15.0 12.0 10.7 10.1 10.2 10.2 10.0 9.8 9.7
T = 16 14.7 11.8 10.4 9.8 9.8 9.8 9.6 9.5 9.4
T = 20 13.6 10.7 9.3 8.7 8.5 8.8 8.6 8.5 8.4

Table 12 Higher Cost δ: rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.30

T 10 11 12 13 14 15 16 20

µ 1.79 1.67 1.55 1.50 1.52 1.52 1.51 1.50
σ 1.08 0.95 0.81 0.74 0.76 0.76 0.76 0.78

b % 14.9 16.9 19.8 20.1 18.4 17.6 17.2 15.4
fit 0.052 0.046 0.040 0.035 0.034 0.034 0.035 0.036

median A % 39.8 42.6 46.3 47.3 45.3 44.3 43.6 41.3
default % 4.0 4.0 4.0 3.8 3.5 3.2 3.1 2.5
cons. % 3.8 3.7 3.7 3.6 3.6 3.6 3.6 3.5

neg Eq. % 8.7 9.2 10.2 10.5 10.7 11.0 11.4 11.1

Table 13 Comparative Statics for δ: Fix rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10

δ 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.80 1.00

fit 0.042 0.042 0.046 0.050 0.054 0.057 0.060 0.063 0.065
median A % 48.3 48.1 48.0 47.9 47.8 47.8 47.7 47.6 47.5
default % 4.5 4.4 4.4 4.4 4.3 4.3 4.3 4.2 4.2
cons. % 3.6 3.6 3.6 3.6 3.6 3.6 3.6 3.6 3.6

neg Eq. % 10.8 10.6 10.3 10.2 10.1 10.1 10.0 9.9 9.7
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Experiment: µ

Table 14 Welfare Effect as δ Varies: % increase or decrease of net-worth compared to benchmark

risk aversion ρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0

δ = 0.00 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.0
δ = 0.10 — — — — — — — — —
δ = 0.20 0.0 0.0 0.0 0.0 -0.1 -0.1 0.0 0.0 0.0
δ = 0.30 0.0 0.0 0.0 0.0 -0.2 -0.1 -0.1 -0.1 0.0
δ = 0.40 0.0 0.0 0.0 0.0 -0.2 -0.2 -0.1 -0.1 -0.1
δ = 0.50 0.0 0.0 0.0 -0.1 -0.3 -0.2 -0.2 -0.1 -0.1
δ = 0.60 0.0 0.0 0.0 -0.1 -0.4 -0.3 -0.2 -0.1 -0.1
δ = 0.80 0.0 0.0 0.0 -0.2 -0.5 -0.3 -0.2 -0.2 -0.1
δ = 1.00 0.0 0.0 0.0 -0.2 -0.5 -0.4 -0.3 -0.2 -0.1

10.2 Experiment 2: µ and b

Table 15 Comparative Statics for µ: rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10

µ 1.15 1.25 1.35 1.45 1.55 1.65 1.75 1.85

fit 0.224 0.146 0.109 0.074 0.042 0.080 0.117 0.153
median A % 74.3 65.4 58.3 52.7 48.1 44.4 41.2 38.6
default % 4.2 4.2 4.3 4.4 4.4 4.5 4.6 4.7
cons. % 2.8 3.0 3.2 3.5 3.6 3.8 4.0 4.1

neg Eq. % 8.4 8.9 9.5 10.0 10.6 11.1 11.7 12.3

Table 16 Comparative Statics for b: rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10

b 0.10 0.15 0.20 0.21 0.25 0.30 0.35 0.40 0.50

fit 0.145 0.071 0.048 0.042 0.067 0.094 0.113 0.126 0.145
median A % 46.9 47.1 47.8 48.1 49.0 50.5 51.8 52.4 52.5
default % 3.0 3.6 4.3 4.4 4.8 5.2 5.4 5.6 5.9
cons. % 3.6 3.6 3.6 3.6 3.7 3.7 3.7 3.6 3.6

neg Eq. % 5.7 7.7 10.0 10.6 11.7 12.9 13.6 14.2 15.0
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% women owned businesses:  16% (1993), 24% (1998)
Median Asset level normalized
by net worth outside firm:      53% (men)   39% (women)
Negative equity (1993)         14.8%(men) 19.5% (women)
                          (1998)         19.4%(men) 26.1% (women)                                    



Optimism
10% additional return

Table 17 Welfare Effect as b Varies: % increase or decrease in net-worth compared to benchmark

Note: More risk averse agents are unaffected because the credit constraint does not bind for them

risk aversion ρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0

b = 0.100 -13.1 -8.5 -6.2 -4.9 -3.7 -2.2 -0.9 -0.2 -0.1
b = 0.150 -6.1 -4.8 -3.2 -2.0 -1.4 -0.4 0.0 0.0 0.0
b = 0.200 -1.8 -0.2 -0.6 -0.4 -0.1 0.0 0.0 0.0 0.0
b = 0.215 — — — — — — — — —
b = 0.250 8.2 1.7 1.3 0.6 0.0 0.0 0.0 0.0 0.0
b = 0.300 14.8 4.2 2.4 0.7 0.0 0.0 0.0 0.0 0.0
b = 0.350 20.9 6.0 2.7 0.7 0.0 0.0 0.0 0.0 0.0
b = 0.400 26.6 7.2 2.7 0.7 0.0 0.0 0.0 0.0 0.0
b = 0.500 35.0 7.5 2.7 0.7 0.0 0.0 0.0 0.0 0.0

10.3 Experiment 3: Slight optimism is consistent with the data

Table 18 5% Optimism: rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10, optimism=5%

T 10 11 12 13 14 15 16 20

µ 1.69 1.65 1.61 1.58 1.55 1.52 1.50 1.48
σ 0.75 0.71 0.68 0.66 0.64 0.63 0.62 0.62

b % 26.4 26.2 26.3 26.7 27.0 27.3 27.2 24.4
fit 0.032 0.030 0.029 0.028 0.028 0.028 0.028 0.029

median A % 55.1 54.9 54.8 54.7 54.7 54.7 54.5 51.5
default % 4.7 4.4 4.1 3.9 3.7 3.6 3.4 2.7
cons. % 4.4 4.4 4.3 4.3 4.2 4.2 4.1 4.0

neg Eq. % 12.6 13.4 14.5 15.9 17.1 17.7 17.8 16.2

Table 19 10% Optimism: rB = 1.2%, r = 4.5%, β = 0.97, δ = 0.10, optimism=10%

T 10 11 12 13 14 15 16 20

µ 1.92 1.89 1.83 1.79 1.76 1.73 1.70 1.61
σ 0.83 0.81 0.77 0.74 0.72 0.70 0.69 0.63

b % 26.6 26.2 27.0 27.2 27.3 27.3 27.3 27.4
fit 0.030 0.030 0.029 0.029 0.029 0.029 0.029 0.028

median A % 54.9 54.1 54.8 54.8 54.8 54.8 54.8 54.7
default % 4.4 4.0 3.8 3.6 3.4 3.3 3.1 2.7
cons. % 5.2 5.1 5.1 5.0 5.0 4.9 4.9 4.7

neg Eq. % 15.8 16.7 17.5 17.8 17.8 17.8 17.7 17.6
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Conclusion
• Model & data help us understand owner 

behavior, financial & legal structure, 
default, output, welfare

• SSBF data are essential for questions & 
measurement (firms & owners)

• Institutions matter & interact with modest 
heterogeneity in owner characteristics
‣ Bankruptcy makes entrepreneurs more willing 

to bear risk (80% with ρ between 0.74 and 3)

‣ Negative equity: “Option value” of continuing to 
operate the firm.

• Big welfare effects with production


